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SUBMANIFOLDS WITH CONSTANT JORDAN ANGLES 


J. JOST, Y. L. XIN AND LING YANG 


Abstract. To study the Lawson-Osserman’s counterexample [55] to the Bern¬ 
stein problem for minimal submanifolds of higher codimension, a new geometric 
concept, submanifolds in Euclidean space with constant Jordan angles(CJA), is in¬ 
troduced. By exploring the second fundamental form of submanifolds with CJA, 
we can characterize the Lawson-Osserman’s cone from the viewpoint of Jordan 
angles. 
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1. Introduction 

In previous works, we have systematically studied the Bernstein problem for 
complete minimal submanifolds of higher codimension in Euclidean space (see m 
EH EH EH Elj)- In particular, we could prove that a complete minimal submanifold 
in Euclidean space is affine linear if it does not deviate too much from a linear 
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subspace in the sense that a certain function v defined in terms of Jordan angles 
is bounded by 3. It is natural to ask whether that number is optimal. Now, there 
is the Lawson-Osserman’s counterexample [26] to the higher codimension Bernstein 
problem for which v is identically 9. The aim of the present paper then is to 
understand this example in geometric terms, in particular in terms of Jordan angles. 
Here, the Jordan angles between two linear subspaces P and Q are the critical values 
of the angle 9 between the nonzero vectors u in P and their orthogonal projection 
u* in Q. When these Jordan angles are constant for all the normal spaces of some 
submanifold M of Euclidean space and a fixed linear reference subspace, we say that 
M has constant Jordan angles. This is the fundamental concept of our paper, and we 


abbreviate it as CJA. For a precise statement, refer to Definition 1.1 below. Now it 
turns out the Lawson-Osserman’s counterexample has CJA relative to the imaginary 
quaternions when viewed as a subspace of the imaginary octonians. Harvey-Lawson 
[18] showed that the Lawson-Osserman’s cone is a four dimensional coassociative 
submanifold in which can be identihed with the imaginary octonians. Therefore, 
we study such coassociative submanifolds with CJA and find that a coassociative 
graph with CJA relative to the imaginary quaternions and at most two different 
normal Jordan angles either is affine linear or a translate of a portion of the Lawson- 
Osserman’s cone. 

For more precise statements, we now develop some notation and technical con¬ 
cepts. 


1.1. Jordan angles and angle spaces. Let P and Qo be m-dimensional subspaces 
(i.e. m-planes) in The Jordan angles between P and Qo are the critical values 

of the angle 6 between a nonzero vector u in P and its orthogonal projection u* in 
Qo as u runs through P. This concept was hrstly introduced by Jordan [20] in 
1875, and they are also called principal angles in some references, e.g. [13]. If 6 is 
a nonzero Jordan angle between P and Qo determined by a unit vector n in P and 
its projection u* in Qo, then u is called an angle direction of P relative to Qo, and 
the 2-plane spanned by u and u* is called an angle 2-plane between P and Qo (see 

m)- 

Denote by Pq the orthogonal projection of onto Qo and by V the orthogonal 
projection of onto P. Then for any u E P and £ G Qo, 

^ {'Pou,e) = {Vou + {u- Vou),e) = {u,e) 

= {u, Ve {e — Ve)) = {u, Ve) 

and moreover 

(1.2) ((P o Vo)u, v) = {Vou, Vqv) = {u, (P o Vo)v) 

holds for every u,v E P, which implies P o Pq is a nonnegative dehnite self-adjoint 
transformation on P. 


For any nonzero vector u E P, 

n ON 2/. *N («*,«*) 

(1.3) cos Z{u,u ) = — -— 


{VqU, Vqu) 
{u,u) 


{{V oVo)u,u) 

{u,u) 
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Hence 6^ is a Jordan angle between P and Qq if and only if /i := cos^ 6 is an eigenvalue 
of VoVq^ and u is an angle direction with respect to 6 if and only if u is an eigenvector 
associated to the eigenvalue /i, i.e. 

(1.4) {V o Vo)u = jjiu = cos^ 6 u. 

Therefore, all the angle directions with respect to 9 constitute a linear subspace of 
P, which is called an angle space of P relative to Qq and we denote it by Pq. In 
particular, 

(1.5) Pq = P n Qo; P-k/2 = P^Qq- 

The dimension of Pg is called the multiplicity of 9, which is denoted by mg. If we 
denote by Arg(P, Qq) the set consisting of all the Jordan angles between P and Qo, 
then 

(1.6) P= 0 

0eArg(P,Qo) 

and the angle spaces are mutually orthogonal to each other. Hence 

(1.7) m = mg. 

6»eArg(P,Qo) 


The Jordan angles between two m-planes completely determine their relative 
positions. More precisely, one can conclude that: 

Proposition 1.1. [3T] Let Pi, Qi and P 2 , Q 2 be any two pairs of m-planes in 
If Arg{Pi,Qi) = Arg{P 2 ,Q 2 ) and the multiplicities of the corresponding Jordan an¬ 
gles are eguivalent, then there exists a rigid motion o/M”'"*'’", carrying Pi,Qi onto 
P 2 -iQ 2 , respectively. And vice versa. 

Similarly, let Arg(Qo) P) denote the set consisting of all the Jordan angles between 
Qo and P, then 9 G Arg((5o, P) if and only if p. := cos^ 9 is an eigenvalue of Vq o V. 
Denote by (Qo)6» the angle space of Qq relative to P associated to 6*, then £ e (Qo)6i 
if and only if (Pq ° P)e = cos^ 9 e, and 

(1-8) Qo = ^ (Qo)e- 

0eArg(QoT) 


Let P-*“ and Qq be the orthogonal complements of P and Qo, and denote by 
P-*- and Vq the orthogonal projections of onto P^ and Qq, respectively. As 

above, the set consisting of all the Jordan angles between P-*- and Qq is denoted 
by Arg(P-*-, Qq ), Pf- denotes the angle space associated to 6^ G Arg(P-*-, Qq ), and 
:= dimPg-*- denotes the multiplicity of 9. 

The following lemma reveals the close relationship between Arg(P, Qo), Arg(Qo, P) 
and Arg(P-^,Q^). 

Lemma 1.1. f|24] ) Let P, Qo be m-planes in then Arg'(P, Qq) = Arg{QQ,P) 

and the multiplicities of each corresponding Jordan angles are eguivalent. If we 
denote 

(1.9) 


Re ■— Pe + (Qo)e 
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for each 9 G Arg{P, Qq), then Re-LRa^ whenever 6 ^ a, and 

( 1 . 10 ) P + Qo= 0 Re. 

e&Arg{P,Qo) 

For any 6 G (0, vr/2], 6 G Arg{P^, Qq ) if and only if 0 E Arg{P, Qq), and mj- = mg, 
Rg = Pg Q) Pf~ ■ Moreover, for every 6 G Argi^P^Qo) fl (0,7r/2), there exists an 
isometric automorphism ^g : Rg ^ Rg, such that 

(t) ^g{Pg) = P^, ^g{P^) = Pg; 

ill) $2 = -Id; 

(Hi) For any nonzero vector u E Pg (v E P^), ^g{u) (^g{v)) lies in the angle 
2-plane generated by u (v); more precisely, 

sec 9 VqU = cos 9 u — sin 6* 

sec^ VqV = cos9 v — sin6* <l>6)(n). 

Remark. Let P and Qq be a pair of intersecting planes in then Arg(P, Qq) = 
{6*,0}, where 9 is the dihedral angle between P and Qq. 



Denote by I their line of intersection and O the origin of Choose A G such 
that V := OA is a unit vector orthogonal to P. Through A, draw a perpendicular 


line to Qo, intersecting Qq at B, P at C. Denote u : = 
^g{v) = u and <h6»(M) = 


dd 

W\ 


, then Rg = span{M,L>}, 


-V. 


Denote 

(1.12) r(P) ;= ^ mg= ^ mj 

6»eArg(P,Qo)n(0,7r/2] 0eArg(P^,Q^)n(O,7r/2] 

then 0 G Arg(P, Qq) if and only if r(P) < m, and mg = m — r[P). Similarly 
0 G Arg(P-*-, Qo ) if and only if r(P) < n, and mg = n — r{P). 

1.2. Angle space distributions and submanifolds with CJA. Let M be an 

n-dimensional submanifold in and Qq be a hxed m-plane in Denote 

by TM and NM the tangent bundle and the normal bundle along M, respectively. 
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For any p e M, denote by Arg(iVpM, Qq) (Arg(TpM, Qq )) the set consisting of 
all the Jordan angles between NpM (TpM) and Qo (Qq ), which are called normal 
(tangent) Jordan angles at p. Let 0 be a [0,7r/2]-valned smooth fnnction on M, if 
9{p) G Arg^NpM, Qq) {0{p) G AigiTpM, Qq ))> ^ is a normal (tangent) Jordan 

angle function of M relative to Qo- Denote by Arg^ (Arg^) the set consisting of all 
the normal (tangent) Jordan angle fnnctions of M rela tive to Qo- If 6^ is a smooth 
fnnction on M that is nonzero everywhere, then Lemma ]_A implies 6 G Arg^ if and 
only if 0 G Arg^. 


Denote 


(1.13) 


NqM := {n G NpM : p G M, z/ is an angle direction associated to 0{p)}, 


TqM := {n G TpM : p G M, n is an angle direction associated to 0{p)}. 

Let Vo and Vf be orthogonal projections onto Qo and Qq , (O^ and (-)^ denote 
orthogonal projections onto TpM and NpM, respectively. Then v G Np^M := 
NqM n NpM if and only if 

(1.14) (Voiy)^ = cos^ 6{p)i' 
and similarly u G Tp^gM := TgM fl TpM if and only if 

(1.15) (’^6^'^)'^ = cos^ 9{p)u. 

Let {p) := dim Np^gM, mj{p) := dimfor every p G M, then and 
are both Z^-valned fnnctions on M. 

Based on one can easily dednced that 


Lemma 1.2. /^p4] ) Let 9 be a normal (tangent) Jordan angle function of M relative 
to Qo- 

subbundle of NM (TM). 


If mg (mg) is a constant function on M, then NgM (TgM) is a smooth 


In this case, NgM {TgM) is said to be a normal (tangent) angle space distribution 
associated to 9. A cnrve j : t E {a,b) ^ ^{t) G M, all of whose tangent vectors 
belongs to a tangent angle space distribntion, i.e. 'j{t) G TgM for every t G (a, b), is 
called an angle line of M. More generally, an angle surface is a connected snbman- 
ifold S of M, snch that for any p G S', TpS C TgM. 

Now we can formnlate the definition of submanifolds with constant Jordan angles 
(CJA), the main snbject of this paper. 

Definition 1.1. Let M be an n-dimensional submanifold o/]R"'+”^ and Qo be a fixed 
m-plane. If every normal Jordan angle function of M relative to Qo is a constant 
function, and m^ is constant on M for each 9 G Arg^, then we say M has constant 
Jordan angles (CJA) relative to Qo- 


With the aid of Lemma IM and Proposition [H one can obtain eqnivalent defi¬ 
nitions of snbmanifolds with CJA. 


Proposition 1.2. For any n-dimensional submanifold M and a fixed m- 

plane Qo, the following statement are equivalent: 
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(i) M has CJA relative to Qq; 

(ii) Every tangent angle function of M relative to Qq is constant, and mj is 
constant; 

(Hi) Arg{NpM, Qq) (Arg{TpM, Qq )) is independent ofp G M, and the multiplicity 
of each normal (tangent) Jordan angle is constant; 

(iv) The relative position of NpM (TpM) and Qq (Qq) is independent ofp G M. 

Remarks: 

• Let 7 be an arc-length parameterized curve in If 7 is a constant angle 
curve, i.e. the unit tangent vector at every point makes a constant angle 
with a hxed straight line in then 7 is a helix, and vise versa. Let S' be a 
smooth surface in if the normal vector at every point makes a constant 
angle with a hxed straight line in then S is said to be a constant angle 
surface in A surface S in is a constant angle surface if and only 
if it is locally isometric to either a cylinder, a right circular cone, or the 
tangential developable of a helix. Moreover, if we additionally assume S to 
be complete, then S has to be a cylinder. Recently, many geometers are 
interested in constant angle surfaces in other ambient spaces, e.g. S*^ x M 
[In] . X R na, Heisenberg group na, Minkowski space IZ71 and product 
spaces m- Our notion is a natural generalization of the classical constant 
angle curves and surfaces. 

• If M" is a hypersurface of then M has CJA if and only if M is a 

helix hypersurface [U]. Hence the concept of submanifolds with CJA is a 
natural generalization of helix hypersurfaces to higher codimensional cases. 
Helix hypersurfaces are closed related to the shadow problem (see [I?]) for¬ 
mulated by H. Wente, and another interesting motivation for the study of 
helix hypersurfaces comes from the physics of interfaces of liquid crystal (see 

0 ). 

• Let S' be a surface in then S' has CJA if and only if S is a surface in 

with constant principal angles with respect to a plane. This concept was 
introduced by Bayard-Di Scala-Castro-Hernandez in |3]. In this paper, the 
authors established a local existence theorem and classihed all the complete 
surfaces in with constant principal angles. 

Denote 

(1.16) r := 

esArg^.e^o 

then r is a constant Z’''-valued function on M. As shown above, 0 G Arg'^ (0 G Arg^) 
if and only if r < m {r < n), and the multiplicity of 0 equals m — r {n — r). Let 

(1.17) g^ := lArg^l g^ := |Arg^| 

be the numbers of distinct Jordan angles. Note that g^ = g"^ + 1 whenever r = n < 
m, g"’" = g^ + 1 whenever r = m < n, and otherwise = g'^. 
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In conjunction with Lemma 1.1 and Lemma 1.2, NM and TM have the following 
vector bundle decompositions 


(1.18) 


NM= 0 NeM, 

6»eArg^ 

TM= 0 TeM. 

6»eArg^ 


In particular, if 0 7 ^ 0, 7 r/ 2 , then there exists a smooth mapping : R 0 M —)■ ReM, 
where 


(1.19) ReM ■= NeM © TgM, 

such that: (i) <I>6) keeps each fiber invariant; (ii) the length of each vector in RgM is 
invariant under <I)6i; (hi) = —Id; (iv) ^g{NgM) = TgM, ^g{TgM) = NgM; (iv) 
for any u G NgM and u G TgM, 

sec 9 Vqv = cos 6 v — sin 6 ^gM, 

( 1 . 20 ) 

sec^ VqU = cos 9 u — sin 6* <h6»('u)- 
•he is called the anti-involution associated to 9. 


1.3. Minimal submanifolds with CJA and the Bernstein problem. The con¬ 
cept of CJA submanifolds that we have just introduced arises from our systematic 
investigation of the Bernstein problem in higher codimension. We now wish to 
explain this connection. 


The classical Bernstein theorem |1] states that any entire minimal graph in 
has to be affine linear. This result has been extended by J. Simons [30] to such 
entire minimal graphs in for n < 7, whereas Bombieri-de Giorgi-Giusti |5] 

constructed counterexamples in higher dimensions. But for any dimensions, there is 
a weak version of the Bernstein type theorem, obtained by J. Moser [2H] who proved 
that any entire solution / : M"’ —)■ M to the minimal surface equation 


( 1 . 21 ) 


div 


-MJ_) 
yi + iv/|U 


has to be affine linear, provided that 


0 


( 1 . 22 ) 


v:= yi + |V/P 


is a bounded function, n is a significant quantity here for various reasons. Firstly, 
the boundedness of v ensures that ( 1 . 21 ) is a uniformly elliptic equation, so that 
a Bernstein type result can be obtained by Moser’s iteration. Secondly, for any 
/ : —)■ M, X = (x^, ■ ■ ■ ,x"') G M"' HA- (x,/(x)) G graph / is a global coordinate 

chart of the graph of /, and a straightforward calculation shows that the volume 
form of graph / is vdx^ A ■ ■ ■ A dx"', i.e. v equals the radio of the volume form of 
graph / and the coordinate plane. Thirdly, v has a close relationship with Jordan 
angles. A direct computation shows 

df df 


(1.23) 


1 / := w{- 


dx^ ’ 


9x’ 


:, 1 ) 


where w := v 


-1 
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is a unit normal vector field on graph /. Thus the angle between v and the 
axis is arccosw, which is smaller than an acute angle whenever the u-function is 
bounded. Therefore, Moser’s theorem can be restated as: Let M be a complete 
minimal hypersurface in and 9q G (0,7r/2). If the angle between the normal 
vector and a:"'’''^-axis is smaller than 9q everywhere, then M has to be an affine 
n-plane. 


Now we consider an n-dimensional entire minimal graph M in generated 

by a smooth vector-valued function / : —)■ M'" 

X = {x\ ■■■ ,x^)^ f{x) = {f\x),-- - , 


Then / satisfies the minimal surface equations 


(1.24) 



= 0 Vj = 1, ■ • • , n, 
= 0 Va = 1, • • • , m. 


Here Qijdx^dx^ is the induced metric on M, [g^^) denotes the inverse matrix of (fi'p), 
and vdx^ A ■ • • A dx^ := det{gijY^‘^dx^ A ■ ■ ■ A dx"' is the volume form of M. More 
precisely. 


(1.25) 


V = 


det (hjj 


Qfa Qf^ ^-^1/2 


^ dx^ dx^ 

OL 


Similarly to the case of codimension 1, the u-function has a close relationship with 
Jordan angles. At any point p G M, denote by 


(1.26) 


0 < < «2 < ■ " < ftn < !r/2 


the Jordan angles between NpM and the coordinate m-plane, then a calculation 
shows (see [M][22]) 

m 

(1.27) u = ]^sec6'm. 

i=l 

We note that 

m 

(1.28) tn := cos 

^=1 

is the inner product of the normal m-plane and the coordinate m-plane. Here all 
the m-planes are viewed as vectors in a Euclidean space of larger dimension, via 
Pliicker embedding (see I2B1). 


It is natural to ask whether Moser’s theorem can be generalized to the higher 
codimensional case. In other words, given an entire minimal graph M = graph / C 
]^n+m does the boundedness of the u-function ensure that M 

has to be an affine n-plane? The answer is ’Yes’ for the cases of dimension 2 0123 
and dimension 3 0113, but it is ’No’ for dimension 4, according to the works of 
Lawson-Osserman [26] and Harvey-Lawson |18j . 
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Let US explain the geometric reason for this fact. Let O and El denote the octo- 
nions and quaternions, respectively. We have O = El © He, with e a unit element 
orthogonal to H, and for any a, 6, c, d G H, 

(1.29) (a + be){c + de) = {ac — db) + (da + bc)e. 


Denote Sp^ := {g G H : |g| = 1}. Assume a G Im H is a hxed unit element, then 

(1.30) M(a) := {r [(■\/5/2)gag + ge] : g G Spj^, r G M"*"} 

is a 4-dimensional cone in Im O, which is the graph of the function r] : H\{0} —)■ 
Im H\{0} 


(1.31) 


r]{x) 


2\x\ 


xex. 


Here e G Im H and |e| = 1. Note that // is a cone-like function, i.e. r]{tx) = tr]{x) 
for any t and x. It was discovered by Lawson-Osserman [26] that r; is a Lipschitz 
solution to the non-parametric minimal surface equations that is not C^, and a 
straightforward calculation shows the n-function is always 9 on M{a). Afterwards, 
Harvey-Lawson [TH] constructed a family of 4-dimensional entire minimal graphs 
in Im O; the tangent cone at inhnity of each one is just the Lawson-Osserman’s 
cone, and the n-function takes value in [1,9). Therefore, Moser’s theorem cannot 
generalize to all higher codimensional cases. 


Now we further explore the geometric properties of Lawson-Osserman’s cone via 
Jordan angles. 

Proposition 1.3. Lawson-Osserman’s coneM[a) is a A-dimensional submanifold in 
Im O with CJA relative to Im H, and Arg^ = {arccos(2/3), arccos(A/6/6)}, Arg"’" = 
{arccos(2/3), arccos(\/6/6), 0}. 


Remark. Proposition 1.3 was hrstly proved in the Appendix of 


and the cal¬ 


culation was based on the complex form of the Hopf map from to 8“^. Now, we 
shall give another proof, which is based on the fact that M(a) is a Sp^-invariant 
manifold and has a close relationship with the argument in Section 


Proof. Denote F : Sp^ x M+ —)■ M(a) 

(1.32) (g, r) HA-r[(-\/5/2)gag + ge]. 

Let po = F(go,i?o) be an arbitrary point in M{a). We shall compute the Jordan 
angles between TpgM{a) and He. 


Let sp^ be the Lie algebra associated to Spj^, which can be seen as the linear 
space constisting of right-invariant vector helds on Sp^. It is well-known that sp^ is 
isomorphic to Im H, and the isomorphism is given by y : Im H —>■ sp^ 


(1.33) 


b V = x{b) with = — 

(JjL 


t=0 




As a matter of convenience, b and y(6) are regarded to be same in the sequel. Then 
at po, 

F^dr = (\/5/2)goago + goe = {'/5/2)ai + e 
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with 


ai := qoaqo, e := q^e 


and 


F b = — 
* dt 


Let 02 be 
Then {oi, 
= 03 


Denote 


(1.34) 


flo[(v'5/2)(e‘V)a(e"’®) + (e**®)*!)] 

t=0 

= ^ ^ ^-Ro [(v^/2)e*^(goa9o)e + (?oe *^)e] 

= 4 Ro [(y5/2)e*'aie-‘' + 

dt t=o 

= Ro [( 4 / 5 / 2 ) (6ai — aib) — be\. 

a unit vector in Im El that is orthogonal to oi and denote 03 := 0102- 
02,03} is an orthonormal basis of Im El, satisfying o^ = O2 = o| = — 1 , 
= —^2^3 “ ^1 “ — Oj 2 ,Oj 2 cLnd = (I2 — —thdl 

/?o ^F*oi = (■\/5/2)(oi — o^) — oi£ = —oi£, 

Ro ^ F ^ a 2 = (\/5/2)(o20i - 01O2) - 02^ = -\/5o3 - 02^, 

Ro^F^as = (a/ 5 / 2 )(03O1 - 01O3) - a^e = V 5 a 2 - a^e. 

ei :={2/3)F,dr = (v^/3)oi + (2/3)^, 

62 :={ V 6 Ro )~^ F ^ a 2 = -( a / 30 / 6 ) o 3 - (4/6/6)026, 

63 :={VQRo)~^F^ a3 = (4/30/6)02 - (4/6/6)036, 

64 :=i?o = —ai 6 . 


Then {ei, 62 , 63 , 64 } is an orthonormal basis of Tp^^M{a). 

Let Vo, Vq be the orthogonal projections of Im O = Im EI © Ele into Im EI and 
He, respectively, then 

((^o^ei)^,e/ = (Po^ei,e/ = (Po^ei,Po^e/ = (4/9)5ij 

which implies (T’/ei)^ = (4/9)ei and hence ci is a tangent angle direction associated 
to 6*1 := arccos(2/3). Note that ei is the direction of the ray going through po- 
Similarly, one can prove that 62,63 are both tangent angle directions associated to 
9 := arccos( 4 / 6 / 6 ), and 64 is a tangent angle direction associated to 0. Since po 
can be taken arbitrarily, M(a) has CJA relative to Im H, and Arg^ = {6'i,6',0}, 
Arg^ = {9i,9}. Moreover, an arbitrary angle line with respect to 9i is a ray of 
M{a), and vise versa. □ 


In [26], Lawson-Osserman raised the following question: What is the largest 
constant C such that an entire minimal graph of arbitrary dimension and codimen¬ 
sion with V < C has to be affine linear? Up to now, the best positive answer to 
this question in a successive series of achievements by several mathematicians (see 
[I9|, [21], [31], [ 22 ]) is gotten in [2l], which says that for any entire minimal graph 
M = {{x, f{x)) : X G M”} C with / : M"' —)■ M”*, if < 3, then M has to be 
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an affine n-plane. Bnt there is still a large qnantitative gap between 3 and 9, that 
is, between known Bernstein type theorems and the connterexamples. 


Lawson-Osserman’s problem can be viewed as the hrst gap problem of the v- 
fnnction for entire minimal graphs of higher codimension. To stndy the gap phe¬ 
nomena of the n-fnnction, it is natnral to consider minimal graphs whose n-fnnction 
is constant. Observing that the n-fnnction is a fnnction of all Jordan angle fnnc- 
tions (see (1.27)), the n-fnnction on any minimal graph with CJA relative to the 
coordinate plane is constant. Proposition shows the Lawson-Osserman’s cone 
M(a) has CJA relative to the imaginary qnaternions, bnt nnfortnnately it is not a 
complete snbmanifold. So one can propose the following problems: 


Problem 1.1. Do there exist nonflat entire minimal graphs whose v-function is 
constant? 


Problem 1.2. Let Sy and be sets consisting of some real numbers strictly bigger 
than 1. no € Sy if and only if there exists a nonlinear cone-like map f : M”\{0} —)■ 
such that M = graph f is a minimal graph whose v-function always eguals 
Vq. Similarly, vq G 5° if and only if there exists a nonlinear cone-like map f : 
M”\{0} —)■ such that M = graph f is a minimal graph with CJA relative 

to M"*. Are Sy and S^ discrete sets? 

Problem 1.3. Let Sy^ioc and S^i^^ be sets consisting of some real numbers strictly 
bigger than 1. vq E Sy^ioc if and only if there exists a nonlinear vector-valued function 
f : D G ML ^ (D is an open domain), such that M = graph f is a minimal 
graph whose v-function always eguals Vq. Similarly, vq G if and only if there 

exists a nonlinear vector-valued function f : D G M” —>■ M™, such that M = graph f 
is a minimal graph with CJA relative to M™. Are Sy^ioc and discrete sets? 

Problem 1.4. Does any minimal graph in Euclidean space with constant v-function 
have to be a submanifold with CJA? 


Obvionsly S), G Sy, S°i^^ G Sy^ioc, Sy G Sy^ioc, S^ G S^i^^ and Problem 


1.3 


viewed as a local version of Problem |1.2 
(1, 3] ^ Sy (see |2l]) and 9 G 5° 


can be 

For Problem 11.21 the known facts inclnde 


Problem |1.2| is qnite similar to Chern’s conjectnre, intrinsic rigidity problem in 
the theory of minimal snbmanifolds, which claims that if the sqnared length of the 
second fnndamental form (denoted by |i?P) of a compact minimal snbmanifold in the 
nnit Enclidean sphere is constant, then the valne shonld be contained in a discrete 
set (see [7]). 


1.4. Submanifolds in spheres with CJA. If M is an n-dimensional cone in 
]^n+m, intersection of M and the nnit sphere gives an [n — 1)-dimensional 

snbmanifold N in M ig said to be the cone generated by N, i.e. M = CN. 

As pointed ont by J. Simons [30], the geometric properties of N are closed related to 
those of the cone CN. Firstly, CN has parallel mean cnrvatnre in if and only 

if A is a minimal snbmanifold in (see [32] p.64). Noting that CN is a linear 

snbspace if and only if A is a totally geodesic snbsphere, the Bernstein problem 
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for minimal submanifolds in Euclidean space can be transferred to the spherical 
Bernstein problem for minimal submanifolds in the sphere, in the framework of the 
geometric measure theory (see 15. USD- 

For any p E N, denote by TpN and NpN the tangent (n — l)-plane and the normal 
m-plane of N at p, respectively, then 

TpS^+^-^ = TpN © NpN. 

Along the ray going through p, the tangent n-planes and the normal m-planes of 
CN are both constant, and 

(1.35) Tp{CN) = TpN © {tX(p) : t e M}, Np{CN) = NpN. 

Here X(p) denotes the position vector of p in 


Let Qq be a hxed m-plane in if Arg(ApiV, Qq) is independent oi p E N, 

and the multiplicity of each normal Jordan angle is constant, then we say iV is a 

submanifold in a sphere with constant Jordan angles (CJA) relative to Qo. 
By (1.35), N has CJA if and only if the cone CN generated by iV is a submanifold 


m 


with CJA. 


Thereby, Problem 1.3 can be restated as follows: 


Problem 1.5. Let and be sets consisting of some real numbers taking values 
in (0,1). Wo E Sw if and only if there exists an {n — 1)-dimensional compact minimal 
submanifold N in 5'"'+™--!^ that is non-totally geodesic, such that its w-function 
always eguals wq, i.e. the inner product of each normal m-plane and a fixed m- 
plane Qq is Wq. Similarly, wq E S')), if and only if there exists an {n — 1)-dimensional 
compact minimal and non-totally geodesic submanifold N in which has CJA 

relative to a fixed m-plane, such that its w-function always eguals Wq. Are S^, and 
S')), discrete? 


Remark. Due to (1.28), 


Sw = {wo = : Vo E S„}, S)), = {wo = Uq 1 ; uo e S';}. 

There is a long way to resolving these problems. In this paper, we only consider 
CJA submanifolds with a small number of distinct Jordan angles (i.e. g^ and g'^). 


1.5. Main results. This paper will be organized as follows. 

In Section the second fundamental form B of submanifolds with CJA in Eu¬ 
clidean space shall be studied. At hrst, differentiating the Jordan angle functions 
not only gives some nullity properties of B, but also reveals the relationship be¬ 
tween the induced tangent (normal) connection and the second fundamental form. 
Taking the covariant derivative of the formulas obtained in the previous step, one 
can compute some components of VR in terms of B. With the aid of the Codazzi 
equations, we can derive a constraint equation for the second fundamental form (see 


Lemma 2.6), which is nontrivial when the multiplicity of a tangent Jordan angle 
function 6 E (0,7r/2), i.e. mj, is strictly larger than 1. This conclusion will play 
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an important part in Section Based on these formnlas, it is easy to get some 
vanishing theorems for the second fnndamental form B of snbmanfolds with CJA, 
inclnding the following one. 

Theorem 1.1. Let f be an W^-valued function on an open domain D C M”. If 
M = graph f is a minimal submanifold with CJA relative to M™, and g^,g'^ < 2, 
then f has to be affine linear, i.e. M has to be an affine n-plane. 


Note that the example of Lawson-Osserman’s cone implies that the condition 


'g^,g'^ < 2’ in Theorem cannot be omitted. 


In [18], Harvey-Lawson introdnced a new concept of coassociative snbmanifolds, 
as an important example of calibrated geometries, and showed that Lawson-Osserman’s 
cone is a coassociative snbmanifold. Observing that coassociative snbmanifolds con- 
stitnte an important class of 4-dimensional minimal snbmanifolds in it is natnral 
to stndy the strnctnre of coassociative snbmanifolds with CJA, which is the main 
topic of Section With the aid of the algebraic properties of octonions, one can 
obtain several interesting conclnsions on the Jordan angles and the second fnn¬ 
damental form of coassociative snbmanifolds. In conjnnction with Lemma |2.6[ a 


strnctnre theorem for coassociative snbmanifolds with CJA is dednced as follows. 


Theorem 1.2. Let f be a smooth function from an open domain D cM into Im H. 
If M = graph f is a coassociative submanifold with CJA relative to Im H, and 
g^ ^ ‘^,g^ ^ 3, then f is either an affine linear function or f{x) = rji^x — aio) + Vo, 
where xq E M, yo E Im M and 


rji^x) 


— — tXEX 


with e an arbitrary unit element in Im H. In other words, M is an affine f-plane 
or a translate of an open subset of the Lawson-Osserman’s cone. 


2. On the second fundamental form of submanfolds with CJA 

Let M be an n-dimensional snbmanifold in with CJA relative to a fixed 

m-plane Qq. We nse the notations Vq, Vq, Arg^, Arg^, NqM, TgM, RgM, , 
'^'e 1 g^ j g^ established in Section]^ For p in M, we pnt 

(2.1) Np^gM := NpM n NgM, Tp^gM := TpM n TgM. 

The second fnndamental form 5 is a pointwise symmetric bilinear form on TpM 
(p E M) with valnes in NpM defined by 

Bxy = {VxY)^ 

with V the Levi-Civita connection on The indnced connections on TM and 

NM are 


= iyxYf, = {^X^)^. 
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Here X, Y are smooth sections of TM and u denotes a smooth section of NM. The 
second fnndamental form, the curvature tensor of the submanifold, the curvature 
tensor of the normal bundle and the curvature tensor of the ambient manifold satisfy 
the Gauss, Codazzi and Ricci equations (see [33] for details). 

Let A be the shape operator defined by 

(2.2) A’^iv) = Vz/ e T{NM),v e TpM. 

A^ is a symmetric operator on TpM and satisfies the Weingarten equations 

(2.3) {Bxy, y) = (dl"(X), Y) VX, F e r(TM). 

The trace of the second fundamental form gives a normal vector field H on M, 
which is called the mean curvature vector field. If ViL = 0, then we say that M has 
parallel mean curvature. Moreover if iL = 0, M is called a minimal submanifold. 


2.1. Nullity lemmas. Let Q G Arg'^(6* ^ 0,7r/2) and : RqM —)■ RqM denote 
the anti-involution associated to 0, then (1.20) gives 


VqV = cos6*(cos6* V — sin^ $ 0 ( 1 ;)) 
= cos^ Q V — cos Q sin 6 <he(n) 


for any v E TqM and 


Vofi = cos9(^cos9 /i — sin6' ‘h6»(h)) 

= cos^ 9 iJ — cos 9 sin 9 
for any /i G NqM. In other words, 

{VqvY' = cos^6* n, (’^ 0 “'^^)^ = — cos 6* sin 0 $ 0 ( 1 ;), 
= 008^9 /i, ("Poh)^ = — cos6'sin6' 


(2.4) 


Based on the above formulas, one can easily deduce the following nullity lemmas for 
the second fundamental form of M. 


Lemma 2.1. For each 9 G Arg^ which takes values in (0,7r/2), 

(2.5) <I>0(w)) {Buw, *he(n)) = 0 

holds pointwisely for any u G TpM and v,w E Tp^gM. In particular, 

(2.6) (R„„4>0(n)) =0 
for every v E Tp^gM. 


Proof. By linearity, it suffices to prove (2.6) for any unit vector v E Tp^gM. 

Let X be a smooth local section of TgM, such that Xp = v and |X| = 1, then 
(2.7) {V^X, V^X) = \ViX\^ = cos^ 9. 
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Differentiating both sides with respect to u yields 


0 = (l/ 2 )V.(Po^X,Po^X) = 

= {viiyuX),v^v) = {v^iy^x),viv) + 

= (V,X, {V^vf) + (i?,,, {VivY) 

= cos^ 6{VuX, v) — cos6 sin 6{Buv, ^e{v)) 

= (1/2) cos^^VulXp — cos 6*sin<h6)(n)) 
= — cos 0 sin $6i(u)) 


(where we have nsed (2.4)) and then we arrive at (2.6). 


□ 


Lemma 2.2. For each 6 G Arg^ taking values in (0,7r/2), 
( 2 . 8 ) {Bu,,u) = 0 

for any u,v E Tp^M and v G Np^eM. 


Proof. Let w : = 
Lemma |2.1| gives 


then w G Tp^M and <h6i(u') = —^^(z/) 

{Buy,u) = {Bu^,^e{w)) = -{Bu^,^e{v)) 

= -{B^u,^e{v)) = {B^y,^e{u)) 

= {By^,^g{u)) = -{Byu,^e{w)) 

= -{Buv,^e{w)) = -{Buv,jy) 


and (2.8) immediately follows from the above eqnation. 


u. Applying 


□ 


Lemma 2.3. If 9 E Arg^ fl Arg^ and 9 = Q or ti/ 2, then 
(2.9) (5„,,z/) = 0 

for any u E TpM, v E Tp^M and v E Np^M. 

Proof. If 0 = 0, let X be a smooth local section of TgM snch that Xp = v, then 
Xq E Qq for any q. Thus (VuX)p C Qq. On the other hand, z/ G Np^gM implies 
ly E Qo, hence 

{Buy, v) = (V„X, v) = 0. 

The proof for 6* = 7r/2 is similar. □ 
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2.2. Connections. Let 9,a G Arg^, 9 ^ a, X a local section of TM, Y and Z local 
sections of TgM and To-M, respectively. Define 

( 2 . 10 ) {Se.)Yz{X) := {VxY,Z). 

Then for any smooth fnnction / dehned on M, {Soa )Yz{fX) = f{Se.)Yz{X), 
{Sea)Y,fz{X) = f{Sgcr)Yz{X) and 

iSea)fYAX) = {XxifY), Z) = f{XxY, Z) + (Vx/)(1^, Z) 

= f{Se^)Yz{X). 

This means Sg^ is a smooth tensor held on M of type (3, 0). More precisely, Sg^ is a 
smooth section of the tensor bnndle T*M ® TqM ® T*M. Since V is a Levi-Civita 
connection on M, 

{Si,^)vz{X) = (VaV, Z) = Vx{Y, Z) - (VaZ, Y) 

'■ ' =-{VxZ,Y)^-(S„e)zY{X). 


Now we additionally dehne 

( 2 . 12 ) ^e\RBM = 0 


whenever 9 = 0 or 7r/2, 


then (2.4) still holds when 0 = 0 or 7r/2. Let 

, , sin 20 

(2.13) Kg^ := 


cos 29 — cos 2cr 

be a constant depending only on 9 and a. The following resnlt reveals the relation¬ 
ship between Sg^j and the second fnndamental form. 


Lemma 2.4. Let 9,a & Arg^, 9 ^ a, then for any u G TpM, v E Tp^M and 
w E Tp^aM, 

( 2 . 14 ) {Sga)vw{u) = Kag{Buv, ^a{w)) - Kg^{Buw, ^e{v)). 

Proof. Let Y, Z be smooth local sections of TgM and respectively, snch that 

Y (p) = V, Z{p) = w, then (VqY)'^ = cos^ 9 Y, {VqZ)'^ = cos^ a Z. Hence 

0 = cosA{Y,Z) = {{V^Yf,Z) 

= {V^Y,Z) = {V^Y,V^Z). 

Differentiating both sides of the above equation with respect to n G TpM yields 
0 = V„(P„Y,P„J-Z) = {VMY),P^w) + {Pi-vXMZ)) 

= nHvxhKw) + (P„\p„HVuZ)} 

= (V^(VX),Ptw) + (Pp’.V^iVuZ)) + (V^B,„,V^w) + {P^v,P^B„,„) 

= (V„y, (P^wf) + {V„z, (P^vf) + {S„„, (P^wf) + (S„„, (P^vf) 

= cos^ a(VuY, w) + cos^ 9(VuZ, v) — cos a sin a{Buv, *hcr(w)) — cos 0 sin 0<h6)(n)) 
= (cos^ a — cos^ 9){Sga)vw{u) — cosasma{Buv, ^a{u!)) ~ cos9sm9{Buw, ^e{v)) 

= {1 / 2) {cos 2a - cos 29) {Sg^)Au) - ( 1 / 2 ) sin 2 cr(H„^, <h^(r(;)) - ( 1 / 2 ) sm29{Buw,^e 


(we have used (2.4) and (2.11)), which is equivalent to (2.14). 
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□ 


Similarly, given u G TpM, /i G T{N 0 M), v G T{N„M) with 0, cr G Arg'^ and 
9 a, one can define 

(2.15) 

Then is a smooth section oi T*M ^ NgM ^ N*M, and 

= {Vui^, /i) = V„(z/, /i) - {u, Vufi) 

— /\7 \ — fQN\ ( \ 

— (Vu/^, I^) — [Sea)■ 


Let /i, u be local section of NgM and N^M respectively, then 

0 = cos^ 9{jj., v) = ((Po/i)^, v) 

= ('^ 0 / 1 ,//) = I(Pq^,Vqv). 

Differentiating both sides of the above equality with respect to m G TpM, one can 


(2.17) 


use (2.4) to get the following result, as in the proof of Lemma 2.4 


Lemma 2.5. Given 9,a G 9 ^ a, 

(2.18) 

for any u G TpM,fj, G Np^gM and v G Np^„M . 


2.3. Computation of VB and related results. Let 9 G Arg^, a G Arg^, and 
(■)°' be the orthogonal projection of NpM onto Np^f^M. Define 

(2.19) Re^{vi,V 2 ,V 3 ,Vi) := 

for any Ui,U2,T3,U4 G Tp^M. Then Rg„ is a smooth section of the tensor bundle 
TqM ® TgM ® TfM ® TqM. Obviously i? 6 icr(Ti, U 2 , Us, U 4 ) = --Re< 7 (u 2 , Ui, U 3 , U 4 ) = 
-i? 0 ^(ui,U 2 ,U 4 ,U 3 ) = i? 0 ^(u 3 ,U 4 ,Ui,U 2 ), and 


( 2 . 20 ) 


Rea{Vi,V2,V:i,Vi) + i?0a(T2, U3, Ui, U4) + i?e<T(u3, Ul, U2, U4) 

~-{Bviv3^ 

= 0 . 


Hence Roa is a curvature type tensor. Note that Rea = 0 whenever = 1. 


Let 9, a G Arg^, and define 

( 2 . 21 ) 

f7to(t>l.!>2,t>3.!>4) =: ((2l*'<”>>t>l)„(2l*‘<”‘>!.2),) - ((2l*‘<”'>!.l)„ (2l*‘'”“>!.2)„> 


for any Ui,U 2 ,T 3 ,U 4 e Tp^M. 

Due to Lemma 


onto Tp^aM 


2.1 


Here (■)o. denotes the orthogonal projection of TpM 
A^‘>G)yj _|_ = 0 for any u, tc G Tp^M, hence 


Uea{vi,V 2 ,v^,Vi) = -f/0a(T2,ui,U3,U4) = -Letr( d,^ 2 ,U 4 ,U 3 ) = fle<T(u3,U 4 ,Ui,U 2 ) and 
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Uga^ = 0 whenever = 1. Note, however, that f/^o- does not satisfy a Bianchi type 
identity. 


, Ml 


Lemma 2.6. Given 9 G Arg’" taking values in (0,7r/2), 

( 2 . 22 ) ^ KgaRea{v,w,v,w) = 3 ^ KeaUea{v,w,vg 

(j^Arg^ a^Arg^ ,cf^9 

for any v,w E Tp^M, and moreover 

((V„BU,4,(t.)>=(l/3) ^ k,,({B;„,B”J + 2|B:„P) 

aGArg^ 

-2 


(2.23) 


a£Arg^ ^CT^O 


Proof. Let 
(2.24) 




for each a G Arg'^, then Lemma 2.1 tells ns 


(2.25) = -u^ 

and moreover 

Uga{v,w,v,w) = ((A'^®(^)n)^, - ((A'*’®'^"'^n)^, 


(2.26) 


— 


In particular, combining the Weingarten equations and Lemma |2.2| gives 

\ug\‘^ = (m 0 , = {Bug^u,^e{v)) = 0 , 

i.e. ug = 0. 


Let y, Z be local sections of TgM such that Yp = v, Zp = w. By Lemma 2.2 
{BzzAeiX)) = 0, hence 
(2.27) 

{(VvB)uiw, ^eiv)) = '^v{Bzz, ‘^^(y)) — {Bujyj, V^<h0(y)) — 2{Bs/^z,w, ^9{v)) 

= —{Bww, V^<h 6 i(y)) — 2{B^^z,w, ^e{v)) 

:= -I - 2II 


where 


(2.28) 


1= y (B"„,VA(y))= y {sL)t,M,B~Jv) 

crSArg^ a £ At ,0-^6 


crGArg^ ,a^0 
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(Lemma 
tion) and 


2.2 


Lemma 


2.1 


Lemma 2.5 and $0 = 


—Id have been used in this calcula- 


(2.29) 


crSArg^ trSArg^,0-7^0 

cSArg^jCTT^S 

^ ^ (^(T0 ) *^(T(lIcr)) “1“ ^0cr|llcr| ) • 

creArg^jCTT^S 


(Here we have used the Weingarten equations, (2.25) and Lemma 2.4 ) Substituting 

(2.28) and (|2.29) into (|2.27|) implies 

(2.30) 


((V^H)^„^, $ 0 ( 1 ;)) = 


(TSArg^jfTT^S 




a&Ar^ ,(j^6 


{K.ae{B VW) ^a{Ua)) + KdalUal"^) 


(2.31) 


Again applying Lemma gives {Bzy, ^^(b')) = 0, hence 

{{'VujB)wv,^9{v)) =V uj{BzY-,^e{X)) — {Bwvi'^ w^eiy)) 

- {B\/^z,v, ^e{v)) - {Bu,,\/^y, ^e{v)) 
= — {Bwv, V^$0(F)) — {Bw^sj^Yi ^e{v)) 

:=-I -II 


where 


(2.32) 


and 


(2.33) 


1 = Y. {BL,VMY))= Y1 (sZh.M.B’Ayj) 

crgArg^ (TSArg-^,(T /0 

erg Arg^, 0 - 7^0 

= Y1 - f^^e{ua,^a{B^^))) 

crgArg^, 0 - 7^0 


II ={B^y^Y,Mv)) = 5^(V^F,n<,)= (5eJ„„Zw^) 

o-gArg^ a^Arg’" ,itj^9 

^ ^ (^(T 0 *^ 0 -(Mo-) ) ^ 0(7 , $0 (n)) ) 

(TgArg^, 0 - 7^0 

^ ^ i^^aoi^Bwvi *ho-('Uo-)) ^0 (t|iI(t| ) • 

o-gArg^, 0 - 7^0 


If (T 7 ^ 0, 7 r/ 2 , then $ 0 - is isometric and <h^ = —Id. Hence 

On the other hand, <ho- = 0 whenever a = 0 or 7 r/ 2 . Therefore 

(2.34) - ^ K„0{u„,^„{B'^^)) = ^ K„0{Bw^,^„{Ua)). 


o-gArg" ,0-70 


crgArg-' ,(77^0 
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Substituting (|2.32|)-(|2.34|) into (|2.31|) yields 
(2.35) 

cr&Arg^ ,a^9 cr^Arg^ ,a^d 


\Ua\ 2 Ag-g)) • 


The Codazzi equations imply (VvB)u,w = (VwB)wv Hence by comparing the 
right hand sides of ( |2.30[ ) and (2.35) we arrive at 

i^ea {{B^v,B^^) - \B'^^\‘^) = 3 Kealual"^ 

cr&Arg^ ,(7^9 aGAig'B ,af^9 


(2.36) 


and then (|2.22|) immediately follows from the definition of and Uea- Finally 

□ 


(2.23) is obtained by substituting (2.36) into (2.35). 


Lemma 2.7. We consider 6 G Arg^ taking values in (0,7r/2) and a G Arg’" such 
that 9 ^ a. If f/go-(ui, U 2 , Ui, U 2 ) = 0 holds for any Vi,V 2 G Tp^eM, then 


{(VyB)^^, <hg(u)) 

(2.37) 


2 5 ^ 

T^Arg^ 

r^Arg^ ,t^ 9 r^Arg'^ 


for any v G Tp^gM and w G Tp^^M. 


Proof. In the sequel we make use of the abbreviation Ur ■= for any 

r G Arg^. By the definition of f/go-, 

0 = Ug„{ue,V,Ug,v) 

i.e. = o_ Hence 

0 = = {A'^AAyj^y^'j = 

i.e. ug = 0. Similarly, one can deduce that B^^ = 0. 


Let y be a local smooth section of TgM and Z be a local smooth section of T„M^ 
such that Yp = V, Zp = w. Lemma 2.1 implies {Byz, *^ 6 »(H)) = 0, hence 

((V^H)^^,<l>g(u)) =((V^„H)„^, <Fg(u)) 

= {VAByz,MY)) - {Byy„Vy,My)) 

- {B\/.^y,w, ^9{v)) - {By^^^z, *Fg(u)) 

= — {Byyy, V^<Fg(y)) “ {B\/^Y^yj, ^9{v)) 

:=-I -II 


(2.38) 
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where 


(2.39) 


and 


(2.40) 


1= Y. (-s;„,v„<i.„(y))= (s£)t.w,B:.W 

rSArg^ rSArg^,T^6 

TeArg^,T7^6» 

= - 5 ^ («0r|5Lr + «^r0(<hr(5D,Mr)) 

T&Arg^ ,t^6 

^ ^ ^ ^ ^ 0 r|-S, 


jr |2 
hJiD I 


reArg^ ,tj^9 


T&Arg^ ,t^B 


//= (^e.).,..(iT) 

rSArg^ TeArg^,T7^0 

^ ^ (^t 6 *h.,-(M t) ) ^ 

rSArg^,T7^6 

rSArg^,T7^6 rSArg^,T^6 


Substituting (2.39) and (2.40) into (2.38) yields (2.37). 


□ 


Lemma 2.8. If 9 E Arg^ fl Arg^ and 6 = Q or 7 r/ 2 , then for any v G Tp^gM, 
V G r(iV 5 )M) and w G TpM, 

(2.41) ((V^S)^^,i/) =-2 ^ fi:<,e(S;(^,<l)<,(Al'^w;)„). 

a£Arg'^ 


Proof. Let F be a local section of TgM and Z be a local section of TM, such that 
Yp = V and Zp = w, then Lemma 2.3 tells us {Byzi = 0. Therefore 


(2.42) 


((V'u7?)^o^, 12 ) {(Vui7?)^,^o, z/) 

= '^w{ByZ, — {Bvw, V^Z/) — {By^Y,w, I^) — 

^w^) {B\/^Y,wy 

:=-I -II 


where 


z= E (- b :«. w >')= E (sfMBsjw) 

aSArg^ ,af^9 aSArg^ ,crf^d 


ITSArg-™ , 0 - 7^0 


crSArg^ 


(2.43) 
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and 


(2.44) 


11= Y. 

(TSArg^,(T7^0 crSArg^,(T7^6 

a-SArg^,(T^6 (TSArg^ 


Here Mo- := (^^w)o-, and ug = = 0 is a direct corollary of Lemma 2.3 

tuting (2.43) and (2.44) into (2.42), we arrive at at (2.41). 


Substi- 


□ 


2.4. Vanishing theorems. With the above lemmas, we can now derive vanishing 
theorems for the second fnndamental form of snbmanifolds with CJA. 

Theorem 2.1. Let he a submanifold o/M"’"*'™' with CJA relative to a fixed m- 
plane Qo (M need not he complete), then 

(i) If = 1, then M has to be an affine linear subspace; 

(a) If g^ = l,g^ = 2,7r/2 ^ Arg"’" and M has parallel mean curvature, then M 
is affine linear; 

(Hi) If g"’" = 2,g^ = l,7r/2 ^ Arg^, and M has parallel mean curvature, then M 
is affine linear; 

(iv) If g^ = g^ = 2, Arg^ ^ {0, vr/2}, and M is minimal, then M is affine linear. 


Remarks: 

• Let := {{xi,X2, x^) G = 1, X3 = 0} be a circle whose tangent 

vectors are all orthogonal to the xs-axis, then has CJA and Arg^ = { 7 r/ 2 }, 
Arg^ = { 7 r/ 2 , 0 }. It is easy to check that has parallel mean curvature. 
Hence the condition V/2 ^ Arg^’ cannot be dropped in (ii). 

• Let S' := X M be a circular cylinder, whose normal vectors are all orthog¬ 
onal to the a^s-axis, then S has CJA and Arg^ = {vr/2}, Arg^ = { 7 r/ 2 , 0 }. 
Its mean curvature vector held is parallel along S. Hence the condition 
’ 7 r /2 ^ Arg^’ cannot be dropped in (iii). 

• Let S be a nontrivial minimal surface in then M := S x M is a minimal 

submanifold in x Then M has CJA relative to Qo := and 

Arg'^ = Arg^ = { 0 , 7 r/ 2 }. Hence the condition ’Arg^ 7 ^ { 0 , 7 r/ 2 }’ cannot be 
dropped in (iv). 


Proof, (i) Denote g^ = g^ = {6^}, then Lemma 2.2 and 2.3 tell us 


{.Bdw, Cj 0 

for any n, w G Tp^M = TpM and p G Np^M = NpM. Hence M is totally geodesic. 









SUBMANIFOLDS WITH CONSTANT JORDAN ANGLES 


23 


(ii) As shown in Section]^ there exists 6 q ^ 0,7r/2, snch that Arg^ = {6^0}, 
Arg'^ = {O,0o}. 


By Lemma 2.6 


^9oo(^{^vv.> ^ww) |-®duiI ) I^OooRdoO^y^Vj 
^2 45) ^ ^ ^Ooa^Ooo'i^'^: ^^^3 ^ ^ (T; m, n, la) 


(TeArg^,fT7^0O 

=0 


o-eArg-' ,0-^00 


for any n,ta G Tp^^M = TpM. In conjnnction with = cos26>o-i ^ have 

= \B^^\‘^. Snbstitnting it into (2.23) implies 


(2.46) 


{(y vB)u,w,^eo{'v)) — {^/^)f^eoo{{B^y,B^w) + 2\B^y) 
= f^eoo\B^ 


)0 |2 
^VW \ * 


Let {ci, ■ ■ ■ , Cn} be an orthonormal basis of Tp^g^M = TpM. Since M has parallel 
mean curvatnre, 

n n n 

(2,47) 0 = 


2 = 1 


2 = 1 


2 = 1 


which forces \B^^.\ = 0 for any 1 < i < n. Tims = 0 for any v,w E TpM. On 


the other hand, Lemma 2.2 implies B^^j = 0. Therefore i? = 0 on M. 


(hi) Denote Arg^ = {^o}, Arg^ = {0,00} with 60 7^ 0,7r/2. Again applying 
Lemma |2.6 gives 

(2.48) Ko^oUgQo{v,w,v,w) = (1/3) ^ Ko^^RBQa{v,w,v,w) = 0 

aeAvg^ ,aj^6o 

i.e. Uqo{v,w,v,w) = 0 for any v,w E Tp^g^M. This means 

0 = ((A'*’«oh)y)Q^ (A'^«o(-)^y)o) - ((A^«o(-)y)o, {A‘^OoMw)o) 

= |(A^«oh)y;)Q|2_ 


(2.49) 


Since <I)eg : Tp^g^M -E Np^g^M = NpM is an isomorphism, {A^w)q = 0 holds for 
every u E NpM. On the other hand, {A^w)gQ = 0 is a direct corollary of Lemma 


2.2 Thns A''w = 0 for every w E Tp^g^M. 


Let (ci, • • • , Cmg } be an orthonormal basis of Tp^g^M, and (cmg +1, •'' > ^n} be 


an orthonormal basis of Tp^M. For any v E Tp^^M, by ( |2.23[ ) and ( |2.37[ ), 
(2.50) {(V„B)„„4>e.(tO) = 


0 if 1 < * < iReQ, 

K0oo|(A‘*’®oh)ej)o|^ if meg + 1 < i < n. 
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Hence 


(2.61) 


0 = 

i=l 

n 

i=mg^+l 


and then (y4'^ej)o = 0 for any u e NpM. On the other hand, v) = {A'^v, Ci) = 0 

holds for any v G Tp^o^M. Therefore A^Ci = 0 for each + 1 < i < n. 


In summary, = 0 for any smooth section v oi NM and then M has to be 
affine linear. 


(iv) Denote Arg'^ = Arg^ = { 9 i, 92 }- Without loss of generality one can as¬ 
sume 9i G (0,7r/2). Let {ei, ■ ■ ■ ,6^} be an orthonormal basis of Tp^e^M and 
{cm+i, • ■ ■ An} be an orthonormal basis of Tp^^M. By Lemma 2.6, for any 1 < 
hi < m, 

= Re.eMAjAiAj) 


i.e. 

(2.52) 


=3 = 3|(2l**.<'->e,)t 

(Bh.. + IBei.r. 


On the other hand. Lemma 


2.2 


and Lemma 


hi ^ Li. Since M is a minimal submanifold. 


2.3 


tell us = 0 for every m -|- 1 < 


(2.53) 


i=l 

m m 


2=1 


ij = l 


Lj=l 


Hence 61)02 = = 0 for all 1 < i, j < m. In other words, = 0 for 

any Vi,V 2 G Tp^o^M, and = 0 for any v G Tp^-^M and w G which follows 

from the Weingarten equations. 


If 92 G (0,7r/2), then similarly one can deduce that B^^^^ = 0 for any Wi,W 2 G 
Tp^o^M and = 0 for any v G Tp^^M and w G Tp^^M. In conjunction with 
Bllv 2 = 0 e Tpfi^M and = 0 for any Wi,W 2 G Tp^OiM, we have 

H = 0 on M and M has to be totally geodesic. 


If 92 
(2.54) 


0 or 7r/2, then (2.23) implies 

{(V„B),,.„49,Ct,)) = (1/3 )k„,„, + 2|B"J.|=) = 0 
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for any v G Tp^Q^M and each 1 < i < m. Since '^ 2 , Ui, ^ 2 ) 

Vi^V 2 G (2.37) tells us 

(2.55) ((V„B)„„„4,.(«)) 

for each m + 1 < i < n. Thus 


(2.56) 


0 = (V.i7,<h,(n)) = 5^((V.i?)e.e„<h0(u)) 

i=l 

n 

2=m+l 


0 for any 


which forces B^l. = (y4^®i^^^ 6^)02 = 0 for each m + 1 < i < n. In other words, 
Bvw = 0 ^ Tp^OiM and w G Tp^e^M, and = 0 for any tci, W 2 G Tp^e^M. 

Therefore i? = 0 on M and M has to be affine linear. 


□ 


Let f \ D C. M” —)■ M”* be a smooth vector-valued function, then for any p G 
M := graph /, any Jordan angle between NpM and the coordinate m-plane takes 
values in [ 0 , 7 r/ 2 ) (see [3l]). Hence Theorem 2.1 implies: 


Corollary 2.1. Let D be an open domain of ML and f : D ^ M”^. If M = graph f is 
a minimal submanifold with CJA relative to the coordinate m-plane, and < 2, 

then M has to be an affine n-plane. 


This is the Theorem 1.1 mentioned in 51.5. 


3. COASSOCIATIVE SUBMANIFOLDS WITH CJA 


3.1. Associative subspace of Im O. Let O denote the octonions, which is an 
8 -dimensional normed algebra over M with multiplicative unit 1. More precisely, O 
is equipped with an inner product (■,■), whose associated norm | • | satishes 

(3.1) \xy\ = \x\\y\ 

for any x,y E O. Denote by Re O the 1-dimensional subspace spanned by 1, and 
by Im O the orthogonal complement of Re O. Then every a: G O has a unique 
decomposition 

X = Re X - 1 - Im X 

with Re X G Re O, Im X G Im O. The conjugation of x is dehned by 


(3.2) X = Re X — Im X. 

For tc G O, let Rw {L^) denote the linear operator of right (left) multiplication by 
w, respectively. With the aid of (3.1) and (3.2), one can easily deduce the following 
fundamental formulas (see Appendix IV.A of [T 8 ]h 

(3.3) {RwX,Ry,y) = {x,y)\w\^, (L^x, L^i/) = (x, i/)|w;|^ 
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(3.4) {x,R^y) = {RisX,y), {x, L^y) = {Li^x,y), 

(3.5) X = X, = yx, XX = |x|^, {x, y) = Re xy. 

Let P be a 3-dimensional real subspace of Im O, if A := Re 0©P is a quarternion 
subalgebra of O (i.e. A is isomorphic to H), then P is said to be associative. 

Lemma 3.1. Let P be an associative subspace of Im O and x^y be unit elements in 
P that are orthogonal to each other, then {x,y,z := xy} is an orthonormal basis of 
P, and 

(3.6) xy = —yx = z, yz = —zy = x, zx = —xz = y. 

Conversely, if {x, y, z} is an orthonormal basis of an associative subspace P, then 
z = xy or —xy. 


Proof. Since Re 


P is a subalgebra of O, xj/ G Re O © P. By ( |3.2[ ) and ( |3.5[ ), 
Re {xy) = -Re {xy) = -{x, y) = 0, 


i.e. 


xy G P. Applying (3.3|) and (3.1) gives 


{xy,x) = (L^|/,L^1) 
{xy, y) = {RyX, Ryl) 

\xy\ = \x\\y\ = 1. 


{y,l)\x\‘^ = 0, 
{x,l)\y\^ = 0, 


Hence {x,y,z := xy} is an orthonormal basis of P. 


Similarly, one can show yx is also a unit element in P orthogonal to span{x, ?/}, 
hence yx = z or —z. If yx = z, then 

{x + y){x — y) = x"^ — y"^ + yx — xy 
(3.7) = — XX-\-yy-\-z — z = —\x\^ + \y\^ 

= 0 . 


On the other hand, since x and y are linearly independent, x + y,x — y ^ and it 
follows from (3.1) that \{x + y){x — y) \ = \x + y\\x — y\ ^ 0, which contradicts (3.7). 
Hence yx = —z and it follows that 

yz =y{-yx) = -y‘^X 

=yyx = \y\‘^x = x. 

Similarly one can prove zy = —x and zx = —xz = y. 


Conversely, if {x, y, z} is an orthonormal basis of P, then 2 ; and xy are both unit 
elements orthogonal to span{x, y}, which implies z = xy 01 —xy. 

□ 


Lemma 3.2. Let A be a quarternion subalgebra 0 / O, £ G A-^ with |e:| = 1, then 
Ae-LA, Q) = a® As and 

(3.8) {x + ye){v + we) = {xv — wy) + {wx + yv)e 

for any x, y,v,w G A. 
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Proof. The lemma immediately follows from Lemma A .8 in [T 8 ] . 


□ 


3.2. Jordan angles between associative subspaces. Now we explore the Jordan 
angles between an associative subspace P and Im H. 

Case I. 0 G Arg(P, Im H) and mo > 2. This means there exist 2 unit elements 
a,b G P n Im El that are orthogonal to each other, then it follows from Lemma 
3.1| that {a, b, ab} is an orthonormal basis of P fl Im El. Hence P = Im El and 
Arg(P, Im El) = {0}. 

Case II. 7 r /2 G Arg(P, Im El) and mTr /2 > 2. Then there exists 2 unit elements 
ae, 6e G P n (Im El)-*- = P fl Ele that are orthogonal to each other. By Lemma 


Arg(P, Im El) = { 0 , 7 r/ 2 }, mo = 1, m ^/2 = 2, and P is spanned by ae,be and —ba, 
which are the angle directions of P relative to Im El. 


3.1, (ae)( 6 e) = —ba is a unit vector in P, and —ba G El fl Im O = Im El. Hence 


Case III. mo < 1 and mjr /2 < 1- (Note that mo = 0 (m ^/2 = 0) means 0 ^ 
Arg(P, Im El) ( 7 r /2 ^ Arg(P, Im El)), respectively.) Firstly, we claim mo+m7r/2 < 1- 
If not, there exist unit elements a G P fl Im El and be G P flEIe; by Lemma 3.1, P is 


spanned by a, be and a{be) = {ba)e G He; hence m ^/2 = 2, contradicting m ^/2 < 1. 


Hence there exist mutually orthogonal elements xi,X 2 G P that are unit angle 
directions of P relative to Im H associated to 61^62 G Arg(P, Im H) fl (0,7r/2), 
respectively. More precisely, 

(3.9) (P O Vo)Xa = cos^ daXa Va = 1, 2. 


Here Pq denotes the orthogonal projection of Im O onto Im H and P denotes the 
orthogonal projection of Im O onto P. As in Section we denote by Vf the 
orthogonal projection of Im O onto He = (Im H)-*-, then 

Xa = VqXo, + VqXo, 

= cos 9aaa + sin OaVa 


with Oa := sec 6*0 PqXq G Im H and Ua '■= esc 9 a V^Xa G He, satisfying IoqI = \ya\ = 
1 for each a = 1,2. Let e be the unique element in O satisfying yi = aie, then for 
every c G H, 

(e:,c) = {La^e,LaiC) = (oie, oic) 

= (l/i,aic) = 0, 

which implies e G He. And |e| = 1 directly follows from yi = aie and |j/i| = |ai| = 1. 
Similarly, one can prove that there exists a unique 6 G H which satishes y 2 = be, 
and moreover |6| = 1. 


Let xs := X 1 X 2 , then Lemma [T2] enables us to obtain 

X 3 ={cos9iai + sin 6 *iaie) (cos 6^202 + sin 6 * 2 te) 
= (cos 6*1 cos 6*20102 — sin 6*1 sin 6 * 2601 ) 

+ (cos 6*1 sin 6*2601 + sin 6*1 cos 6 * 20102 )^. 


(3.11) 
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( 3 . 12 ) 


By Lemma 3 . 1 , {xi, 0:2, Xa} is an orthonormal basis of P, thus for each a = 1 , 2 , 
0 = COS^6'„(Xa,X3) = {{V oVo)Xa,X3) 

= {VoXa,X3) = {VoXa,'PoX3). 

When a = 1 , the above equation gives 

0 = {VqXi, V0X3) = (cos 9 iai, cos 9 i cos ^20102 — sin 6*1 sin 6*2&ai) 

= cos^ 9 i cos 02(01, 0102) — cos 01 sin01 sin02(ai, bai) 

= cos^ 01 cos 02(1, 02) — COS 01 sin 0 i sin 02(1, b) 

= — cos 01 sin 01 sin 02 ( 0 , 1 ). 


In conjunction with 0i, 02 G (0,7r/2) we have (6,1) 
a = 2 in (3.12) yields 


0 , therefore b G Im H. Letting 


0 = {V0X2, 'P0X3) = (cos 0202, cos 01 cos 02OiO2 — siu 0i siu 020Oi) 
= cos 01 cos^ 02(02, 01O2) — cos 02 sin 0 i sin 02(02, bai) 

= — cos 02 sin 01 sin 02 ( 02 ,0Oi) 


and moreover 

0 = (O2,0oi) = (o2,Pai0) = (PaiO2,0) 

= (o2Oi,0) = ( —O 2 O 1 , —6) = (o20i,6). 

Observing that 01,02 and O2O1 form an orthonormal basis of Im H, we have b G 
spanjoi, 02}. 


By the dehnition of angle directions, 

{'PoXi,VqX 2) = {VoXi,X2) = {(V oVo)Xi,X2) 
(3.13) ={V{xi - VoXi),X 2 ) = {xi,X 2 ) - ((P O Vo)xi,X 2 ) 

= {xi, X2) - cos^ 0 l(xi, X2) = 0 , 

which implies 

0 = (sin0ij/i,sin02j/2) = sin 0 i sin02(oie, 0 e) 

= sin 01 sin 02 (oi, 6 ) 
i.e. (oi, 0 ) = 0 . Therefore fe = 02 or —02. 


it 0 = 02, then (|3.1ip 


( 3 . 14 ) 

X3 = (cos 01 COS02OiO2 


sm 

= (cos 01 cos 02 — sin 01 sin ^2; 0,3 — 
= cos(0i + 02)03 - sin(0i + 02)036. 


01 sin 02O2O1) + (cos 01 sin 02O2O1 + sin 0i cos 02O1O2) 
02)03 — (cos 01 sin 02 + sin 0i cos 02)036 


Noting that X3 is also an angle direction of P relative to Im H, 03 := arccos | cos(0i + 
02)1 G Arg(P, Im H). In other words. 


03 = 


01 T 02 if 01 + 02 ^ '^/ 2 , 

TT — (01 + 02) if 01 + 02 > 7r/2. 
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Otherwise, b 


—02 and ( 3 . 11 ) gives 


( 3 . 15 ) 

Xs = (cos 01 cos 020102 — sin 0i sin 02(—02)01) + (cos0i sin02(—O2O1) +sin0i cos02OiO2)£ 
= (cos 01 cos 02 + sin 0i sin 02)03 — (— cos 0i sin 02 + sin 0i cos 02)036 
= cos(0i — 02)03 — sin(0i — 02)036, 


which implies 03 := arccos | cos( 0 i — 02 )| = | 0 i — 02 | ^ Arg(P, Im H). Withont loss 
of generality, one can assnme 0 i > 02 , then 03 = 0 i — 02 - Now we pnt 

0'i := 02, 02 := 03, 03 := 0i, 

Q /-^ •— ^ 2 ? ^2 *— ^ 3 ? ^3 *— 

x[ := X2, X2 ■= ^3, X3 ■= Xi 

and e' := —e, then 

x\ = cos 6[a\ + sin0'iOi6', 

( 3 . 16 ) X2 = cos 0202 + sin 02O26', 

x'^ = COS03O3 — sin03O36', 

which satisfy 9 '^ = 9 [ + 02, O3 = o'i02 and x'^ = x[x2. 

Altogether, we have shown 


Proposition 3.1. Let P be an associative subspace of Im O, and 0 < 0i < 02 < 
03 < t /2 be the Jordan angles between P and Im H, then 


( 3 . 17 ) 


f 01+02 */01+02 <t/2, 

\ TT - (01 + 02) if 01 + 02 > vr/2. 


Moreover, there exist an orthonormal basis {oi, 02, 03} of Im El satisfying 03 = O1O2, 
and a unit element e G He, such that 

Xi := cos 0iOi + sin 0iOi6, 

( 3 . 18 ) X2 := cos 0202 + sin 02026, 

X3 := cos(0i + 02)03 - sin(0i + 02)036 


are unit angle directions of P relative to Im H, and X3 = XiX2- 


3 . 3 . On the second fundamental form of coassociative submanifolds. Let 

M be a 4 -dimensional snbmanifold in Im O. If the normal space at every point of 
M is associative, then we call M a coassociative submanifold (see [IE])- Let p be an 
arbitrary point of M, denote by 0 < 0 i < 02 < 03 < 7r/2 the Jordan angles between 



NpM 


(an associative snbspace) and Im H, then by Proposition 3.1 


( 3 . 19 ) 


01 + 02 if 01 + 02 ^ '^/2, 

71 — (01 + 62) if 01 + 02 > 7 r/ 2 . 
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( 3 . 21 ) 


Denote {oi, 02, 03} to be the orthonormal basis of Im El satisfying 03 = 0302 and £ 
to be the unit element in He, such that 

z/i :=cos6'iai Esin^iaie, 

( 3 . 20 ) ^2 := cos 0202 + sin 6'2a2£, 

z/3 := cos(6*i + 6^2)03 - sin(6'i + 02)035 

are all unit angle directions of NpM relative to Im H, and 1/3 = V1V2. Denote 
:= —uie = sin^iOi — cos^iOie, 

:= —1'2£ = sin 0202 — cos 02025 , 

:= -1/35 = - sin(0i + 02)03 - cos(0i + 02)035, 

:= 5 , 

then it is easy to check that (cj, i/q) = 0 and (e^, Cj) = 5 ij for each 1 < i, j <4 and 
1 < a < 3 . Hence {61,62,63,64} is an orthonormal basis of TpM. Whenever 0 ^ G 
(0,7r/2), let denote the isometric automorphism of Rp^^M := Np^e^M 
as in then it follows from (1.11) that 

sec0iP5*'ei = cos0iei — sin0i$p^6ij(ei). 

Hence 

(ci) = cot 0161 — sec 01 CSC OiV^ei 

= cot 01 (sin 0iOi — cos 0iOi5) — sec 0i esc 0i (— cos 0iOi5) 

= cos 0iOi + sin 0iOi5 
= © 


ei 

62 

63 

64 


and similarly <hp,02(c2) = in conjunction with ( 3 . 19 ), 

( 63 ) = cot 0363 - sec 03 CSC 03^5^63 

= — cos03O3 + sgn( cos(0i + 02)) sin03O35 

-z/3 if 01 + 02 < 7 r/ 2 , 
z/3 if 01 + 02 > 7 r/ 2 . 

In summary we get a proposition as follows. 


Proposition 3 . 2 . Let M he a coassociative submanifold in Im O, p G M and 0 < 
01 < 02 < 03 < 7r/2 be the Jordan angles between NpM and Im H, then there exist 
an orthonormal basis (z/i, z/2,1/3} of NpM and an orthonormal basis {61,62,63,64} 
of TpM, such that 

(i) For each 1 < a < 3 , z/^ (ca) is an angle direction of NpM (TpM) relative to 
Im M. (or Me), corresponding to the Jordan angle 9 ^; 

(a) 64 G H6; 

(Hi) 6q, = —z/q,64 for each 1 < a < 3 ; 

(iv) <hp,ea(ea) = for any 1 < a < 2 satisfying 6a G (0,7r/2); 
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(v) 63 ( 63 ) = 


-1/3 if 61 + 02 < 7^/2, 

1/3 if 01 + 02 > 7r/2, 

0 if 01 + 02 = t/2. 


Remark. Here we additionally define = ®p,7r/2 = 0 , as in ( 2.2 


Now we extend 1^2, ^3} as an ortlionormal normal frame field on U, a neigh¬ 
borhood of p, such that VyUa = 0 for every v G TpM. Lemma 3.1 implies = 
i^i{q)i^2{q) or —i^i{q)i^2{q) for an arbitrary q E U. Due to the continuity, 1/3 = h'ih'2 
on U and differentiating both sides with respect to e, G TpM gives 

-h 3 ,ijej = Ve,I /3 = Ve, (1/11/2) 

= (Ve,Z/i)l /2 -h I/l(Ve,I/ 2 ) 

0 'l,ij^j^2 0'2,ij^l^j ^ 

i.e. 

( 3 . 22 ) hl,ij( 7 jV 2 + h2,ij^+j- 


With the aid of Lemma | 3 . 1 [ Lemma | 3 . 2 | and Proposition | 3 . 2 [ a straightforward 
calculation shows 


( 3 . 23 ) 

and 


LHS of ( 3 . 22 ) — + ^,3^^464 

= —h3^iaT^a^4 + ^3^4464 


RHS of ( | 3 . 22 [ ) =hi,*0,60,1/2 -f hi,*4641/2 h2,*oi/i6o + ^2,*4^^164 

= ~ h,i,jo(^'a64)z/2 — hi,*4/2264 — h2,*01/1(^/064) -f h2,*4^l64 

= hl,*0(120^/2)64 — hi,*41/264 — h2,*0(1/0^1)64 + h2,*4l^l64 

( 3 . 24 ) =hi,*11/364 - hi,*264 - hi,*3Z/i64 - hi,*4/2264 

+ h 2 ,*l 64 + h 2 ,i 2 ^ 3 ^i ~ h2,*3^^264 + h2,*4^164 
= (~hi,*2 -|- h 2 ,*l )64 -|- ( —hi ,*3 -|- h 2 ,* 4 )^l 64 
+ ( —hi,*4 — h2,*3)//264 -|- (hi,*i -|- h2,*2)l/364- 


Comparing with ( 3 . 23 ) and ( 3 . 24 ), we arrive at the following conclusion. 


Proposition 3.3. Let M be a coassociative submanifold in Im O, p G M. Let 
{6* ; 1 < i < 4 } and {//„ 


1 < i < 4 , 

( 3 . 25 ) 

( 3 . 26 ) 

( 3 . 27 ) 

( 3 . 28 ) 


1 < a < 3 } be as in Proposition 3.2. Then for each 
h 3 ,il = hi,*3 — hg 


'' 2 ,i 4 , 

h3,i2 = hi,j4 -|- h2,*3, 
h 3 ,i 3 = —hi,*i — h2,*2, 
h3,i4 = ~hi,*2 -|- h2,*l- 

Here {h“- := {Be^f,j,^a){p) : 1 < L J < 4,1 < a < 3 } are the coefficients of the 
second fundamental form at p. 
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3.4. The characterization of the Lawson-Osserman’s cone. Now we addition- 
aly assume M has CJA relative to Im H. Let po ^ Q < 6 i < 62 < 0^ < n/2 he 
the Jordan angles between Np^^M and Im H, {z/i, z/ 2 , r's} be the orthonormal basis of 
Np^M and {ei, 62 , 63 , 64 } be the orthonormal basis of Tp^M, satisfying the properties 
in Proposition 3.2 Then (2.6) and Lemma 2.3 implies 

(3.29) = 0 Vl<a<3,1<*<4 


and substituting it into (3.25)-(3.28) gives 


^ 1,33 = ^ 2 , 34 , 

^ 2,11 = ^-3^14, 

^ 3,22 = ^1,24, 


(3.30) 

^1,23 = 

^2,31 = 

(3.31) 

01,22 = 

~03,24, 

(3.32) 

02,33 = 

~01,34, 

(3.33) 

0-3,11 = 

~02,14; 


hl^44 = —^2,34 + ^3^24; 
^2,44 = + hi_ 34 ; 

^ 3^44 = —hi^24 + ^ 2 , 14 - 


Furthermore, applying Lemma 2.6 and 2.7 yields the following propositions. 


Proposition 3.4. Let M he a coassociative submanifold in Im O, with CJA relative 
to Im H. If < 2, 7 r /2 ^ Arg^ and Arcf^ 7 ^ {arccos(\/ 6 / 6 ), arccos(2/3)}, then M 
has to be affine linear. 


Proof. Let po be an arbitrary point in M, and the notations 6 a, i^a, ^i, ha,ij are same 
as above. 

Case I. 01 = 0 and 62 = 6 ^ < n/2. Then <2 and the equality holds if 

and only if 62 7 ^ 0. It is well-known that coassociative submanfolds are absolutely 
area minimizing (see [TH] §IV.2.B). By Theorem 2.1, M has to be an open set of an 
affine 4-plane. 


Case II. 01 = 02 £ (0,vr/4) U ( 7 r/ 4 , 7 r/ 3 ) and 03 = 


201 if 01 < 7r/4, 

TT — 201 if 01 > 7r/4. 

Denote 0 := 0i, then Arg'^ = {0,03}, Arg^ = {0,0,03}; Tp^^M = span{ei,e2} and 
Npf^^gM = span{i/i, 1/2} with z/q, = ^g{ea) for each 1 < a < 2; Tp^^^M = span{e3}, 
Np^^^o^M = span{z/3} and 


4>e3(e3) = 


1/3 if 01 > 7r/4, 
—z /3 if 01 < 7r/4; 


TpQfl = span{e 4 }. Lemma 2.2 implies 

(3.34) 


hl ,22 — 0 - 2,11 — 0 . 


Substituting the above equation into (3.31) and (3.32), we get 

(3.35) 03,24 = 03,14 = 0. 


Applying Lemma 2.1 gives 

(3.36) 0 = 01,23 J- 02,13 = 01,24 + 02,14- 
In conjunction with (3.30), we have 

(3.37) 01,23 = 02,31 = 03,12 = 0. 
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Let Rg^ and Ug^ be tensors of type (4,0), defined in (2.19) and (2.21), respectively. 
Then 


^ 003 ( 61 , 62 , 61 , 62 ) = 

= ^ 3 , 11 ^ 3,22 ~ ^ 3 , 12 ^ 3,21 

= ~^2,14^1,24 = ^1,24, 


(3.38) 


(3.39) 

(7,,3(ei,e2,ei,e2) = ((2l^«(^^)ei),3, (Al^«(^^)e2)03) “ ((dl^*^^^)ei),3, (Al'^«(^i)e2)03) 

= 63) (74^^62, 63) — 61, 63) (74^^62, 63) 

= ^1,13^2,23 ~ ^2,13^1,23 = 0 

and 

t/0o(ei,e2,ei,e2) = {(2l^«(^^)ei)o, (2l‘^^(^^)e2)o) - 

(3.40) = e 4 )(A^^e 2 , 64 ) — e 4 )(A‘"^e 2 , 64 ) 

= hi^i4/l2,24 ~ ^2,14^1,24 = ^1,24' 


By (2.22), 


0 — ft:0(7.R0cr(ei, 62, 61, 62) — 3 fi;0crf^0cr(6l, 62, 61, 62) 

cSArg^, 0 - 7^0 trSArg^, 0 - 7^0 

= ^^003.^003(61,62, 61, 62) — 3 Kgg ^ Ugg ^{ ei , 62, 61, 62) — 3K0of^0o(6l, 62, 61, 62) 
= («^003 — 3Keo)^l,24 


where 


sin 20 


3 sin 26 


^003 — 3Kgo — 

sin 20 

cos 20 — cos 40 1 — cos 20 2 sin 30 sin 0 2 sin^ 0 

cos 0(sin 0 + 3 sin 30) 


cos 20 — cos 203 cos 20 — 1 

3 sin 20 2 cos 0 sin 0 6 cos 0 sin 0 

+ 


sin 30 sin 0 
Hence hi _24 = 0 and moreover 


> 0 . 


(3.41) 03^22 — 0-1^24 — 0, 03^1 — —02,14 — 01,24 — 0, 03,44 — —01,24 + 02,14 — 0. 


In conjnnction with (3.29), (3.35) and (3.37), we obtain 
(3.42) ^ 0. 


Putting n = 16 = 63 in (2.23) gives 


((Ve3i?)e3e3,4>,3(63)) =(l/3)«,3^ 


— l^esdlB^^^J — Ke36»(0i,33 + 02,33) 
= K03e (02,34 + 01^34) 


(3.43) 
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(where we have used (3.42), (3.31) and (3.32)). By Lemma 2.7 

(3.44) 


“^^30(^1 ,34 + ^^2,34)’ 

(3.45) 

{(V 33 i?)ej 3 j, $53(63)) — - 2Km3{B^ 


33...'I>»G**»'«>ei)5) 


and similarly 

(3.46) 


+ + Ke36)|(44^®3(®3)ei)0p + 

= ^ 6 » 36 l(hi 3]^ + ^2 31) = 0 


{(ye3B)e^e2, ^daies)) - 0 . 


Combining (3.43)-(3.46) gives 


0 - (Vegi^, $03(63)) - ^((Ve3i?)eiei, $03(63)) 


2=1 


— 2K030(h]^ 34 -|- ^2 34 ), 

which forces ^ 1^34 = h 2,34 = 0 (since Ke^g = 20 "-cL 20 7^ 0) moreover 


(3.47) 


COS 2^3—COS 20 

^1,33 = ^2,34 = 0, hi_44 = —h2,34 -|- h3^24 = 0; 

^2,33 = ~^1,34 = 0, h2,44 = “^3^14 -|- hi^34 = 0. 


In conjunction with ( |3.29[ ), ( |3.34[ ), ( |3.37[ ), ( |3.41[ ) and ( |3.42[ ), we have B{pq) = 0. 

implies 


The arbitrariness of po implies B = 0, i.e. M is totally geodesic. 


2.1 


Case III. 9i = 62 = 63 = TT/3. Then = 1, = 2 and Theorem 

M is affine linear. 

Case IV. 62 = 63 E ( 7 r/ 3 , arccos(\/6/6)) U (arccos(\/6/6), 7r/2) and 61 = 71 — 262 . 
Denote 6 := 62, then Arg^ = { 9 , 9 i}, Arg^ = Tp^^gM = span{62,63} and 

Npf^^gM = span{i/2,1^3} with Ua = $ 0 ( 60 ) for each 2 < a < 3; Tp^^g^M = spanjci} 
and Np^^g^M = span{i/i} with i/i = $03(61); Tp^qM = span{64}. Applying Lemma 
o and |2'2| gives 

(3.48) ^ 2,33 = ^3^22 = 0, 0 = ^2,31 -|- h^^ 2 l = ^-2,34 + ^3,24- 

Substituting the above equations into (3.30)-(3.33) yields 

(3.49) hi^23 = ^2,31 = h^,i 2 = 0; 

(3.50) hi ^22 = —^3,24 = ^-2,34 = ^- 1 ^ 33 , /ii ,44 = —2/12,34; 

(3.51) /li ,34 = 0, /i 2 ,ll = h-3,14 = “^ 2 , 44 ; 

(3.52) hi^24: = 0, /l 3 ,ii = —/l2,14 = —h^,AA- 

A straightforward calculation shows 

Reea (62, 63, 62, 63) = {B^l^^, - (Sgjeg, B^^^) 

= h-l,22/11,33 ~ h-l,23^1,32 = /^'2,34) 


(3.53) 
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( 3 . 54 ) 

( 3 . 55 ) 


U0ei{e.2, 63,62,63) — 62)ex, 63)0^) — 62)0-^, 63)0^) 

= /I 2 , 21 ^ 3 ,31 ~ ^3,21^2,31 = 0, 

U0o{e2, 63,62, 63) = {A^^^^-^62 )„A^o^^-^63)o) - ^^^(^^^63)0) 

= /I 2 ,24^3,34 ~ ^3,24^2,34 = ^2,34) 

and then Lemma |2.6| implies 

0= K0aR0a{62,63,62,63) — ?> l^eaUea{62, 63, 62, 63) 

(3.56) 


(TSArg^,(T^0 cr&ArfA ,cr^9 

= 6i00^R00^{62, 63, 62, 63) — ‘iK00jj00^{62, 63, 62, 63) — SK0 oU0o{62, 63, 62, 63 ) 

= { K-edi — 3^00)^2^34, 


where 


(3.57) 


K.001 — 3fi:0o — 
sin 20 


sin 26 


3 sin 26 


cos 26 — cos 201 cos 20 — 1 

3 sin 20 cos 0 (sin 0 + 3 sin 30) 


+ 


cos 20 — cos 40 1 — cos 20 

2 cos 0(5 — 6sin^0) 


sin 30 sin 0 


sin 30 

Since 0 ^ arccos(v^/ 6 ), sin^ 6 ^ b/Q and then — 3 fi: 0 o ^ 0. Hence 02,34 = 0 and 
moreover 

01,22 = 01,33 = 01,44 = 03,24 = 02,34 = 0. 


(3.58) 

In conjunction with ( |3.29[ ), ( |3.49[ ), ( |3.51[ ) and ( |3.52[ ), we have A'^^ = 0. With the aid 
of Lemma 2.7, one can then proceed as in Case II to deduce that i?(po) = 0. Since 
Po is arbitrary, M has to be affine linear. 


□ 

Proposition 3.5. Let M be a coassociative submanifold of Im O. Assume M has 
CJA relative to ImM, and Arg^ = {arccos(A/ 6 / 6 ), arccos(2/3)}, then either M is 
affine linear, or there exists Oq € Sp^, such that M is a translate of an open subset 
of M{ao). Here M{ao) denotes the Lawson-Osserman’s cone, see (1.30). 


Proof. Let 0i := arccos(2/3), 02 = 63 := arccos(A/ 6 / 6 ) and 0 := 02. For an arbi¬ 
trary point po G M, let { 61 , 62 , 63 , 64 } be an orthonormal tangent frame held and 
(z/i, z/ 2 , 1 ^ 3 } be an orthonormal normal frame held on U, a neighborhood of Pq, such 
that for any p G M, ei{p) and Vaip) satisfy the properties in Proposition 3.2, In 
particular, = ‘^ 0 ,( 60 .) for each 1 < a < 3. With the aid of Lemma |2.1l Lemma 


2.2| and Proposition 3^, one can proceed as above to get some pointwise relations 


between the coefficients of the second fundamental form, see (3.29), (3.48)-(3.52). 
Denote 


(3.59) 0 ;= 01,22, 
then 0 can be seen as a smooth function on U, and 

(3.60) 01,33 = 02,34 = 0, 03,24 = “0, 01,44 = —20. 
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Step I. Prove 

(3.61) /l2,ll = = ^2,14 = ^3,14 = ^2,44 = ^3,44 = 0- 


By (|^, 


(3.62) 


= K 0 ^e(/l 2^11 + ^3,ll). 


Applying Lemma 2.7, we have 

(3.63) 

((Veii?)e4e45 *^* 611 ( 61 )) = - (A'*’®i 64 ) 0 ) 

+ ^ 6 »i 6 i|.Bg^g^|^ + Kei 6 »|(A^®B®i)e^)g |2 -|- K0^o|(A^®B®i)e4)o|^ 

= — 2^5)0^ (/;,2,14^1,42 + ^344/1143) 

+ ^ 6 ( 161 (^ 2^44 + hg 44 ) + K6(i6((h4 42 + ^4 43 ) + K0iO^1,44 

=6;6)i6i(h2 44 + hg 44) + AKe^oh?^ 

(3.64) 

((Veii?)e2e25 *^6ii(ei)) = - 2Keei{Bl^^^, <l)e(A'*’®ie2)e) 

+ ^6(i6l 1.3^162 1^ + ^6(i6(|(^^®^^'^^^e2)6(p + 6:eio|(^^®^^'^^^e2)oP 
= — 2^661^ (/ 62 , 12 ^ 1,22 + ^ 3 , 42 / 14 ^ 23 ) 

+ ^6(161(^2^42 + hg 42) + 6^6(i6((h4 22 + ^1,23) + ^6 (i 0^1,24 


and similarly 

(3.65) 


— I^di8hi22 — i^Oioh 


((Veii?)e3e3 5 *^6(i(ei)) — ^6(16(^4^33 — K 0 ^ eh ‘^ 


Adding (3.62)-(3.65) gives 


where 


(3.66) 


0 = {V„ff,4,,(ei)> = 

i=l 

= 6^6(10(^244 + hg 44 + h2 44 + hg 44) + 2(2fi:0^o + i ^ ei 9 ) h '^, 

sin 26*4 

cos 26*4 — 1 cos 2 

2 sin 26*4 


2 sin 26*4 

2k0iO + 6^010 = --7 + 


+ 


COS 26*4 — 1 cos 26*4 — cos 26 * 

sin 26*4 sin 26*4 [2(cos 26*4 + cos 6*4) + cos 26*4 — l] 


cos 26*4 — 1 ' cos 26*4 + cos 6*4 (cos 26*4 — 1 )(cos 26*4 + cos 6 * 4 ) 

2 sin 26*4 (3 cos 6*4 — 2 ) (cos 6*4 + 1 ) 


(cos 26*4 — 1 ) (cos 26*4 + cos 6 * 4 ) 


= 0 . 


Hence /i 2 ,ii = h 3^44 = h 2 ,i 4 = h 3^44 = 0 and substituting it into (3.51)-(3.52) implies 

^-2,44 = ^- 3^44 = 0. 

Step II. Calculation of the connection coefficients. 
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Denote 

(3.67) rf,-:= (Ve,ej,efe), ff„ := (Ve,z/„, 

Then differentiating both sides of (cj, e^) = 6 jk with respect to e, gives + = 0. 

In particular, Th =0. Similarly = 0 and especially f= 0. 


Based on Lemma 2.4, a direct calculation shows 


(3.68) 

(3.69) 

(3.70) 


rfl — (*S'6)io)eie4(6i) — «06»i(-Seiei, *^* 0 ( 64 )) “ ^6»io(-Beie4) (Cl)) 

Til = (*56116)6162 (d) = «^ 66 i (- 86161 , *^6 ( 62 )) — K0-^e{Beie2,^ei{ei)) 
= KgQ^h 2 ^ii — Hej^ehi^i 2 , 

^i2 = (*56o)e264(ei) = Ko6»(-86ie2, *^*0(64)) “ «6o(-8ei64, *^*0(62)) 

= —^60^2,i4 


and similarly 

(3.71) 

(3.72) 


Bjl (* 56 i 6 )ei 63 (Ci) ^661^3^1! ^616^413, 

1^43 (* 500 ) 6364 ( 61 ) ^60^3,i4- 


By Lemma [23^ 
(3.73) 


r3 

21 


Ke) ^ 3 } ^d9i{Be2,^g{u3)y ^ 1 ) 

«66ihi,23 — f^Oiehz ,21 = 0. 


Step III. Proof that the angle lines with respect to 6 ^ 1 , i.e. integral curves of the 
vector field ei, must be straight lines in Euclidean space. 


This is equivalent to VeiCi = 0 holding everywhere, which follows from the fol¬ 
lowing straightforward calculation. 


VeiCi 


3 

-8ei6i T VeiCl ha^iiUa T^^Cj ^ ^ ^446 i + 1^4464 

i=2 

3 

y~~'(Aeei hj^u — f^eiehi,ii)ei — Kgj^ohi^i4e4 = 0. 

i=2 


Step IV. Proof that there exists a hypersurface N of U, such that po G N and 
ei{p)l-TpN for every p E N. 

By the Frobenius theorem, it suffices to prove that the subbundle of TU is 
integrable; more precisely, given arbitrary smooth sections X,Y of e^, [^, V] takes 
values in ej; as well. 

Now we write X = E?= 2 ^*D and Y = then 

[X, y] = x*y^’[e„ e,] + x*(Ve - y^'(Ve,x*)e, 
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and hence 

([X,F],ei)=X*y^'([e,,e,],ei). 

Hence it is necessary and snfficient for us to show ([ei,ej],ei) = 0 for any 2 <i < 
J<4. 


Since V is torsion-free, 

([e2, es], ei) ={V ei) — eo,^2, ei) = — r32 = — 

= — (^e6»i^3,21 — ^010^1,23) + (/^001^2,31 ~ ^0i0^1,32) 

= 0 , 

([^2, 64], Cl) =(Ve 2 e 4 , Cl) — (Ve4e2, 64) = F24 — F42 = —F21 -|- F44 
= K0iO^1,24 + (^^001^2,41 — ^010^1,42) 

=0 

and similarly 

= ^0iO^l,34 + (^001^3,41 ~ ^ 010 ^ 1 , 43 ) = 0. 

Then the claim is proved. 


Without loss of generality, we can assume that the closure of N is contained in U. 
Then there exists 5 > 0, such that X(p)-|-tei G U for every p E N and any t G (—5, 6 ), 
where X(p) denotes the position vector of p in Im O. Define (p : N x {— 6 , 6 ) ^ U 

(3.74) {p,t) ^X{p)+tei, 

then 0 is a diffeomorphism between N x (—5, 6 ) and a neighborhood of po in M, 
which is denoted by W. 


Step V. The function h defined in ( |3.59[ ) is constant on N. 
Applying the Codazzi equations, 

^64 ^ ^£4 ^1,22 ^£4 (7?e2£2 5 ^l) 

= ((Ve45)e2£2) ^l) + 2F42hi^2i + F44ho^22 
~ ((Ve45)e2£2) ^l) “ ((Ve27?)e2£4) 

= Ve2hi^24 


r* h 

L o2'''l,i 


= 2F22h - T'i^h + T'i^h = 


^2 

24 


22'''1,*4 
3 

21 ' 


r24^1,2i 


r 21 ^a ,24 


22 ' 


— ~3A0o^2,24^ — 0, 


^£2^ ^£2^1,33 ^£2 (-®£3fi35 ^l) 

= {(Ve27?)e3e3, ^l) + 2F23hi_3j -|- F^iha^gg 
((^£ 2 -®)£ 3 £ 3 Xi) ((^£ 3 -®)£ 2 £ 3 Xi) 

= Ve3hi^23 ~ r32^1,*3 ~ ^33hi^2i — ^3lhQ,23 
= —F 32 /I — Fgg/l = 0 


W ^ eshi^22 — —7^23^ — 7^22^ — O' 


and similarly 
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Hence V/i = 0 on iV. Without loss of generality, we can assume h\]^ = ho, with ho 
a nonnegative constant. 

Step VI. hh is a cone whenever ho > 0. 


Dehne -0 : V —>■ Im O 

^(p) = X(p) + i?oei(p), 

where Rq is a constant to be chosen. Then 
0*6* = e* + i?oVe,ei 

= 6* + Ro^Beid + Ve^ei) 

= e* + i^or-iCj 

3 

= 6 * + i?o [ ~ i^eiehi^ij)ej — ^0^0^1,14^4] 

i =2 


for each 2 <i 

< 4. More 

precisely. 





0*62 = 

(1 

0 

1 

ehi, 22)^2 = 

(1- 

-Ro^6»i0^o)62, 

(3.75) 

0*63 = 

(1 

1 

0 

0^1,33)63 = 

(1- 

7?o^6»i0ho)e3, 


0*64 = 

(1 

1 

0 

ohi44)e4 = 

(1 + 

2i?o^0iO^o)64 

Now we put 










Rq 

:= {i^diehQ 

)-\ 



then combining (3.75) and (3.66) implies 0*e* = 0 for each 2 < i < 4. Hence 


0 is a constant map on N. Without loss of generality, we can assume 0 = 0, 
i.e. F{p) = —Roei{p) for every p E N. In other words, N lies in the Euclidean 
sphere centered at 0 and of radius Rq, and an arbitrary normal line of N, i.e. 
{F{p) + tei : t E M} with p E N, must go through the origin. Therefore W is a 
cone. 


Step VII. M is an open subset of M{ao) provided that ho > 0 and 0 = 0. 
Let 


(3.76) S' := {x G Im O : |x| = Rq, \Vqx\ = coshii?o} 

be a submanifold of Im O. For any x E S, there exist a unit element b E Im El and 
a unit element 6 E He, such that 

X = Ro(— sin 9ib + cos 9ibe). 


Define 


(3.77) Ex = M.e Q) {sin 9c — cos 9ce : c G Im H, {b, c) = 0}, 
then Ex is a 3-dimensional subspace of TxS. Furthermore 

(3.78) E-={Ex-.xE S} 
is a 3-dimensional distribution on S. 
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For any p E N, ei{p) is a unit tangent angle direction associated to 9i. Hence 
there exist b G Im El and £ G Ele satisfying | 6 | = |£| = 1, such that 

ei(p) = sin6'i6 — cos6'ite. 


Moreover, 


Therefore N C S. 


X(p) = '(/’(p) - Roei{p) = -Roei{p) 
= Ro{—sm9ib + cos9ibe). 


Denote 

ui :=^g^{ei) = {-ta.n9iVo + cot9iVo)ei 
= cos9ib + sin^ite, 


then Ui is a unit angle direction of NpM with respect to Im El. 
Proposition 3.1 implies the existence of an orthonormal basis 
satisfying 63 = 6162 and a unit element e' G He, such that 


On the other hand, 
{bi,b 2 ,b 3 } of Im H 


:= cos 9aba + sin 6 * 0 , 60 , 5 ' VI < a < 3 


are all unit angle directions of NpM relative to Im H. Since mg^ = 1, = ±z/i, and 

then one can assume bi = b, e' = e without loss of generality, which implies 


NpM = Mz/i © {cos 9c + sin 9ce : c E Im H, {b, c) = 0}. 

Noting that TpN±NpM and TpNRci, it is easy to deduce that TpN = Ep, i.e. N is 
an integral manifold of E. 

For any a E Sp^, M(a) is a coassociative cone, which has CJA with Arg^ = 
( 6 * 1 , 6 *, 0 }, and each ray is an angle line with respect to 6 * 1 . As above, one can show 
that M{a) fl B{Ro) C S and that it is also an integral manifold of E. 


Now we write 

(3.79) X(po) = i?o(sin 6*160 + cos 6 *iCoe) = (2/3)i?o [(V^/2)6o + Cqc] 
with 60 G Im H, Co G H satisfying | 6 o| = |co| = 1. Then choosing 

(3.80) ao := Co 6 oCo, go := Co 


gives 

X(po) = (2/3)Ro[(y/5/2)goao^o + Qoe] E M(ao). 

Therefore N and M{ao) H B{Rq) are both integral manifolds of E. Since M{ao) H 
B{Ro) is complete, applying the Frobenius theorem implies N C M(ao) fl B{Rq), 
and hence W C M{ao). Finally, because minimal submanfolds in Euclidean space 
are analytic manifolds, M has to be an open subset of M(ao). 


Step VIII. M is affine linear whenever 6,0 = 0. 

Firstly, ho = 0 implies B = 0 on N. Denote by B the second fundamental form 
of V in Im O, then 

I'oi) {Be^ejy T^oi) 0 
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for any 2 < i,j < 4 and 1 < a < 3, 

{Beieji ^l) — 61 ) — V- 

Tj! ^010^1,u) 

for any 2 < j < 3 and 

(Be^e4, ei) = rj4 = -r^i = K0iO^l,i4 = 0. 

Thns -8 = 0, i.e. N is totally geodesic. 


0 


Since 

4 

Ve^ei = ^ ’^ (VejCl) + Be^ei 

i=2 
4 

= ^ r^iej + -Beiei = 0 
i=2 

for each 2 < i < 4, ci is parallel along N. Therefore W is an open snbset of an 
affine linear snbspace of Im O. Dne to the analyticity of minimal snbmanifolds, M 
has to be affine linear. And the proof is completed. 


□ 


Proposition 3.4 and Proposition 3.5 together imply the following theorem. 


Theorem 3.1. Let M be a coassociative submanifold in Im O. Assume M has CJA 
relative to Im H. If <2 and n/2 ^ Arg^, then either M is affine linear, or there 
exists Qq G Spi and Wq G Im O, such that M is an open subset of 

M(ao, Wo) := {r [{y/5/2)qaoq + qe] + Wq ■. q e 5'pi, r G M+}. 

In other words, M is a translate of a portion of the Lawson-Osserman’s cone. 


As at the end of Section we have a corollary. 


Corollary 3.1. Let D be an open domain ofM and f : D ^ Im H. If M = graph f 
is a coassociative submanifold with CJA relative to Im H, and g^ < 2, then f is 
either an affine linear function or f{x) = g{x — Xq) + go, where Xq E M, z/q E Im M 
and 

gix) = ——rxex 
2 \x\ 

with e an arbitrary unit element in Im H. 


This is the Theorem 1.2 in 51.5. 
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